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The theory of the stability of a fluid with density stratification is
worked out to a considerably lesser degree than the problem relating to
the stability of a homogeneous incompressible fluid. Specific difficul-
ties which arise in this theory are easily understood after recalling

the situation which occurs in the study of the stability of plane parallel
flows of a homogeneous fluid. If, as is usually done, solutions are

sought in the form of traveling waves

P (Z) eia(x—zt) (01)

(here z is the coordinate in the direction transverse to the basic flow
and x the coordinate in the longitudinal direction), then the Orr-
Sommerfeld equation
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is valid for the amplitude ¢(z), where ¥(z) is the undisturbed flow velo-
city. If viscosity is neglected, then

V —¢) (" — a%g) — V" =0 (0.3)

In spite of the fact that the "inviscid" equation is considerably
simpler in form than the "viscous" one, even being of second order rather
than fourth order, its use encounters the same difficulties in principle.
To begin with, the boundary value problem which arises (a is fixed and ¢
is an eigen-value) can either have no solutions at all or have insuffi-
ciently many of them, in the sense that the eigen-functions which corre-
spond to the eigen-values do not form a complete system. In such a case,
even though all of the eigen-functions are known, it is nevertheless im-
possible to answer the fundamental question of stability theory — how
will an arbitrary disturbance which arises at a certain moment in the
fluid develop: will it grow without limit or will it remain finite?
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However, with the introduction of a nonvanishing viscosity (even if it
is small) the situation is improved. The eigen-value problem then has a
complete system of eigen-functions. (From a mathematical point of view,
this is an eigen-value problem of a certain non-self-adjoint operator
and the completeness of the eigen- and "adjoint® function can be estab-
lished, for instance, with the help of a theorem of Keldysh [ 1, Theorenm
1l

However, it is possible to say even more, namely, if viscosity is not
introduced, then even the very mathematical statement of the problem re-
mains not quite definite. Namely, the "inviscid® equation for ¢ has a
singular point at ¥V — ¢ = 0. In this connection its solutions are multi-
values and the correct branch choice can be made only if solutions of the
*"inviscid® equation are considered as limiting solutions of the complete
*viscous* equation (a discussion of this question is contained in Lin’s
book [ 2 1).

Unfortunately, we shall not use such an approach in the case of a
fluid with a density which varies with height. The Orr-Sommerfeld equa-
tion takes the following form:

. g d 1d
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It is easily seen that a singular point of the equation remains at
V- ¢ = 0 even in the presence of non-zero viscosity. Thus, the viscous
equation at this point proves to be no better than the “inviscid" one,
and the question of the sele¢tion of the branch of the solution is left
open., Therefore, mechanical transference of a rule for the selection of
the branch of a solution derived for a homogeneous fluid to the case of
an inhomogeneous fluid, as Schlichting [3] does, appears to be ground-
less.

Thus, in the study of the stability of an inhomogeneous fluid the
introduction of viscosity does not give tangible advantages, and if the
Reynolds number is sufficiently large, it is better to set the viscosity
at once equal to zero. Purther, it is necessary to realize that the ex-
pansions of the solutions by the wave solutions (0.1) and the investiga-
tion of the characteristic frequencies are not ends in themselves but
only tools for investigating the Cauchy problem of a partial differential
equation, But if such wave solutions are not found, then it is necessary
to solve the Cauchy problem for the development of arbitrary initial
d isturbances in some other way.

We will consider the motion to be stable if an arbitrary initial dis-
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turbance arising in a finite region of space remains bounded as time in-
creases. Otherwise we will call the motion unstable. In the present paper
it is successfully shown that such an investigation can be carried
through, at least in special examples, even in cases for which there are
no wave solutions,

The subject of [4 ] is similar to the present paper; in that paper a
similar example has been analyzed; however, the authors have proceeded
by a different path. Namely, they have not rejected the expansion of the
solution by the wave form (0.1) in view of the simplicity which results
from the complete separation of the variables. However, it is not ex-
pected that such a wave solution will be a solution of (0.4) in the
strict sense of the word. It must only satisfy the equation everywhere
except at the singular point where no junction conditions whatsoever are
specified.

One can even show too many of such "almost eigen-* functions in the
same sense in which there are "too many* eigen-values in the usual bound-
ary problem if a boundary condition, corresponding in the present case
to the junction condition at the singular point, is missing.

Thus, wave solutions are formally understood as certain easily-
calculated functions by which one can try to expand the solution of the
Cauchy problem. However, in [4 ] the basic fact of the completeness of
the system of “almost eigen-* functions is left without proof. Therefore,
the approach adopted in [4 1 still requires serious substantiation,

1. The following example will be considered: a two-dimensional hori-
zontal flow in an unbounded half-space, whose velocity V increases
linearly with height and whose density P, decreases exponentially:

V (2) = kz, po = const e™Bz

Taylor [5] studied this example by the wave method. He established
that for values of the Richardson number R =gg/k? larger than 1/4 there
exist neutral waves and that for smaller Richardson numbers waves do not
in general exist.

From this many authors [6,7 ] have concluded that the flow is stable
only for values of R > 1/4.

It is shown below that the solution is stable for all positive values
of R (in the sense formulated earlier*).

* In the indicated paper [ 4 ] the same flow is examined, but between

two solid walls. The conclusion with regard to the stability is the
same,
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Let p’, p”, u’, w" be the perturbations of the density, the pressure
and the velocity.

We shall write the linearized equations of motion

: LAV au | ow
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If p’- and p* are eliminated and the stream function ¢ introduced, we
then obtain

. . T
(A““W+T3?2" W= “’“‘?9’5?)

By the substitution of el/ 2Bz X we shall eliminate the term in M 9z;
we obtain

(G +he g ) (80— o) x— bk (5 +hs ) B = b 54

We shall transform to a coordinate system which moves along with the
mean flow: ty=t, 2;,=2, % =%~ kzt, We will have

9 [ o, O ) F) 3% oy
at;" [—Z— g - 62‘712 - _6—51- - ktl oz ) } ? 3!;31‘1 gﬁ 3;!;12 - 0
In place of x;, z;, t, we will henceforth write simply x, z, t.

We seek solutions in the form e!*/(z, t), i.e. we shall make a Fourier
transformation with respect to x. For { we obtain

8 .
T+ — (o — ikt )] C— Bkt S5 gt =0 (1.2)
Many authors, including Taylor [5] and the authors of [4], neglect

the next to last term in this equation. This term is retained below,
although its inclusion does not change the results.

The initial conditions are such that

C(z’ 0) =@ (z)s Ct (z’ 0) = 4’(3)

The boundary condition at the surface of the ground is
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w=0 or ((0,)=0

With regard to the conditions at infinity (as z » «), such a degree of
regularity is required here so as to ensure the existence and uniqueness
of the solution. As we shall see, it 1s sufficient for this purpese to
require that { grow more slowly at infinity than any exponential func-
tion. It is sufficient to solve separately two boundary-value problems,
considering ¥y = 0 and ¢ = 0. We shall give the solution of the first of
these problems; the second one is solved 1n an analogous manner. We will
assume the initial function ¢(z) to be different from zero only in a
finite region of space; by virtue of the boundary condition ¢(0) = 0.

2. At this point we shall derive a formula for the solution of the
Cauchy problem into which a certain, as yet undetermined, function will
enter. Following this an integral equation for this function will be de-
rived. In Appendix 1 the equation will be investigated.

We will apply the Laplace transformation

[oe}

()= el 1)dz
0

to Equation (1.2).

Multiplying (1.2) by e~ P? and integrating with respect to z from 0
to o , we obtain

S Im® — (p— ikl L — gkl B 1 gintr — 5 (1) (2.1)
Here
3¢ (0, 1
E(t)=——§z(—a;,il, m* = B4 12

We shall designate the Laplace transform of ¢(z) by ¢*(z). Taking the
initial conditions {*((p, 0) = ¢*(p), ¢,*p, 0) = 0 into account, we
find the solution of Equation (2.1) in the following form:

T1* (5 — Int) Tp* (s — inty) — Ta* (s — int) 1)* (s — inty)

¢ (pa t) = (S Wil—(s— ixtl)]—l+ﬂ‘ 1+ (s— ixty)] —1—f E(tl) dtl -+

Tt (s — D) Tt (s) — Tt (s —int) T* (s) (ms
W (1 —s) 21 4 g—2—h ¥ (ms)

-+ ix (2.2)

Here s = p/m, x = kl/m, B; = B/2m, and ¥ is a certain constant. The

functions 7 |* and r,* are expressed by the hypergeometric functions
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Here R is the Richardson number. It is obvious that for R < 1/4 the
parameter r has real values and 0 < r < 1/2 and that for R > 1/4 it has
purely imaginary values.

The function {*(p, t), defined by Formula (2.2), actually represents
the Laplace transform of a certain function {{(z, t); in addition
£(0, t) = 0. This follows from the asymptotic expression for {*(p, t) in
the half-plane Re p > m (or Re s > 1) where this function is analytic.
Indeed, as is easily shown, as |p| » e in this half-plane {*(p, t) =
0(jp|=?%). Thus, for all £(¢) the function {(z, t) satisfies Equation
(1.2), the initial conditions and the boundary condition at z = 0.

3. At present, the question of determining the function £(t) which
occurs in Formula (2,2) is left open. We have not yet made use of the
boundary condition at z = . A direct way of taking account of it would
be as follows. After applying the inversion formula to (2.2) and finding
¢(z, t), one should investigate the asymptote of this solution as z » «
and require that the condition of regularity be fulfilled. But such a
way entails considerable difficulties. We shall treat the matter differ-
ently. Regularity of the function in the half-plane Re p > 0 is the
necessary condition for the function {(z, t) to grow more slowly than
any exponential function. On the other hand, the functions entering into
the right-hand side of (2.2) have branch points in this half-plane. It
turns out that by choosing £(t) it is possible to remove the multivalued-
ness of this right-hand side (moreover this requirement determines £(t)
in a unique manner). The function {*(p, t) becomes regular in the half-
plane Re p > 0 in this way.

The hypergeometric function has a unique branch point when the value
of its argument is equal to wnity. Thus, r *(s) is regular in the half-
plane Re s > 0, and r,* is the product of tl-— s)=1+P1 by a function
which is regular for Re s > 0. Therefore, the multivaluedness of the
right-hand side of (2.2) appears in the calculation of the terms

3

. . Ty (s—ixti) & (t1) dta
' (s —ixd) S W1 — (o— ixt)] B[ (s — iut) 7P *

0
BTy {s) q:' {ms)
1 — s)—z‘—ﬁx 4+ _,)—-2+Bt

+ 19" (s — ixt) —
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This expression, generally speaking, varies with the path about a
closed contour in the half-plane Re s > 0 which contains within it points

of the segment [1, 1+ ixt].
m+ikit
-\

FIG. 1.

We shall find the increase of this expression with a path about the
contour shown in Fig. 1. The circuit begins at some point s = 1+ ikt
(0 < t, < t) and ends at the same point. All multivalued functions
[1- (s~ ikt )I7PL, where 0 < t, < t,, increase with such a path by
one and the same amount. We shall equate the increase of the expression
written above to zero:

t

S F®latr, 3p—r;2—py; —ix(to—t) [2)E(t1)dr
[— ix (to— t)] 1P (2 4 ine (g — 81) | 2P

0
__ % FClatr, ba—ri 2 — Bri—into /2) @ (m + iklte) _
2 (— inte) " HHP (2 4 ixty) 2P

or, making use of the formula

F(a,bic)=(1—2) " "F(c—a,c—b; ¢;2)

we will have

184

{¢—mw"F (3 —Bitrs 2 —Bi—ri 2By~ ¢ —t))E(t) AL =8 (&) B.Y)

where
g (t) = Ct*® (2 4 it) TPF (% +r 2 28y _*i') ¢" (m + iklt)

For determining £(t) we have obtained an integral equation of the
Volterra type of the second ‘kind with a difference kernel.

4. In order to obtain a formula for the solution to our problem, it
remains to carry out the inverse Laplace transformation of Equation (2.2),
i.e. to pass to the inverse form. It is not necessary to express these
inverse forms in terms of well-known special functions. For our purpose
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it is sufficient to know that in each individual case such an inverse
function actually exists. The latter is easily verified by a well-known
theorem on the representability of functions by a Laplace integral.

We shall integrate (2.2} by parts; we have

i

3
Cp, ) =" (s — ) {1 (6 — i) (€ (1) dltatts —
0 0 (4.1)
t 4

. fz‘ (S —_ ixt;) g Xg* (S ‘“‘iXIfl) X E (tg) dtgdt; + 1'1‘ (8 — I:Vt) 7&2‘ (S} -*"C; (F-—sz)n;{s)
0 ¢
Here
. _ J&T;’g (S) . - xr}__;’ (8} 9' (8)
Xi2 {s) = W(l— s)~1+51 1+ s)-—1-91 ’ Y2 (s) = W — s)-*2~H3: 1+ 5)y~2B

All functwns of s entering in the right-hand side of (4,1), i.e. Ty,2%
» My, ,*, are Laplace transforms of certain functions 7 (z)
Xl 2(:) 1;1 {2z}, which follows from their asymptotic beha\rxor for
large values of |s| where Re s > 0. Namely

leie ()] < K [s]7FR, X' () |[<K s 7HHRET, [myy’ (9) [ <K [ 5[ 7RE
while their derivatives tend to zero by an order more quickly.

Hence, in particular

[T0(2) | < K 2| ReT, [X12(2) | < K |z~ Rer for small

value of | z]

Using the convolution theorem, we will have
z
Lz, t) = eixz S {11 (2 —21) %2 (8) — T2 (8 — 21) %1 (22)] 92, () dzy +
O

A+ \ exHz=20 (1 (2 — 23} (7)) — T2 (2 — 21) M1 (21) ] A2y (4.2)

D LG b

Here

{ 1
9. (1) = (et g (6 dty ity
0

]

Now we can see that the stability of the flow, i.e. the behavior of
{{(z, t) as t » =, depends only on the characteristics of § (t) or £(2)
as the argument increases without limit. In Appendix 1, where the inte-
gral equation (3.1) is investigated, it is demonstrated that
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19| <K for r real
19, ()| < K, + Ky |lg(Kg/t 4+ 2)| for r imaginary (4.3)

From this it is easy to be satisfied about the boundedness of {(z, t)
as t » o ; for r real the integral in (4.2) is evaluated as

z
o

K S Zl“‘/z_'r (Z —_ Zl)—lh‘r dZ]_
0

where K does not depend on t. For r imaginary the estimate is
Z
K\ z=n]1g (Ky [t + ) |dz,
0
The latter expression is bounded as t » . Thus, the stability theorem
has been proved.

5. Appendix 1. We shall make an investigation of the integral equation
(3.1) omitting some details of the cumbersome calculations.

For any £(t) the left-hand side of (3.1) together with its derivative
vanishes for ¢ = 0. Consequently, it is necessary for the existence of
the solution that the right-hand side g(t) also have the same character-
istic, But in our case this condition is satisfied. Soon it will be clear
that this is also sufficient for the existence of the solution. We will
solve the equation by the Laplace transform method. To do this we will
multiply both sides of the equation by e~ %% and integrate with respect
to t from 0 to -, As will be shown in Appendix 2, the Laplace transform
of the function I BF (Y, —B 47, 1p—8—r 2—By; —1sixt) is

Ro— 2y B (2672 ) )
where Wg_ is the Whittaker function for |arg o} < 1/2 m.

Hence, it is not difficult to find the Laplace transform of £(t),
which we shall designate as &*(0):

*(a) = s%¢" (s) (5.1)
£ (0) Ke—ic/xWBhr (ze—in:/2° %)

Using the asymptote of the Whittaker function for large values of |o |
and the fact that g*(o) = 0(\o|"3) (since g(0) = g’ (0) = 0), we find
that £€*(6) = 0(lo|"P17 1) as |0 | » o for |arg o] < 1/2 #. It will be
further shown that £*(o0) is regular in the right-hand half-plane. Con-
sequently, £*(o) which is defined by Formula (4.3) is actually the
Laplace transform of a certain function £(t) which satisfies the integral
equation,
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We will pass to the evaluation of £(t) as ¢t » co. It is not really the
function £(t) itself which is of interest to us, but rather the funetion

8, (t) =\ e ™02\ £ (1) drodty

€ &

32' ()= "8. (s) _
K (o + ixz) e~/ MW, (267720 [ u)
Therefore
t
9, (1) = g g (t— 1) R, (1) dty
where °

Rz' (o) = - S -
K (s +inz) e”"/"Wﬁx,r (26742 ) %)

This function has a pole at the point ¢ = — ik z. We shall designate
its residue by b(z). It is not difficult to obtain an estimate of the
value of this residue for small values of : by using the asymptote of the
Whittaker function in the neighborhood of zero, namely

[b(z)| < Kz'/rTRer

It is more complicated to ascertain the location of the poles which
arise from the zeros of the Whittaker function. In the case of r real
the function

Wy . (227775 )yx)  in the sector — ..;_ r<argo <™

does not have any Zeros with the possible exception of one on the radius
arg ¢ = 1/2 =,

In the case of r imaginary there is a denumerable set of zeros o(')
on the radius arg ¢ = 1/2 o which accumulate at the origin of the
coordinate system; here

c(ﬂ) ~K ein/ze«tm/ lrl_

There are no other zeros in the sector — 1/2 7 < arg 0 < . We ghall
designate the residues at o = o (®) by a,{(z). It is possible to give an
estimate

la, (z)] < K|a™]Y/(jc"™ |+ uz) (K does not depend on z)
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In the sector — n + € < arg z < — n/2(e> 0) a finite number of zeros
can no longer be found. Still we note that as |o| » = the estimate

R (s)=0(s|™Py in the sector [args|<® —¢

is correct.

According to the inversion formula of the Laplace transform we have
ico ce®lds

B () =g K (o + ixz) e"'i"/"WBhr(ze—inlzc /%)
y—ioo
We shall now deform the contour as shown in Fig.2.
The slope of the straight lines is arbitrary. We
choose the radius of the circle in dependence on :
/- and t so that ¢, /t < p < ¢;/t, |p — k2| > c3p, where
€1, c9, cy are fixed constants, If r is an imaginary
-gub number, we add one further requirement -~ the circle
must intersect the imaginary axis exactly midway
between the roots of the Whittaker function which are
FIG. 2. distributed along this axis.

om

With this choice of p the denominator of the inte-
grand exceeds Kp 3/2—Rer along the modulus of the circle. One can
satisfy oneself on this point using the asymptote of the Whittaker func-
tion. In this case the integrand is less than Kp~ 1/2+Rer  ang the
integral is less than Kp 1/2+ Re . i,e. less than Kt~ /2= Rer ,n4 con-
sequently, it vanishes as t » oo, Exactly the same estimate is obtained
for the integrals along the horizontal segments. The integral along the
sloping lines vanishes exponentially. With this deformation of the con-
tour the residues are isolated. We have

R () =b(2)e ™ 4 D a ()Mt 4 g (1= Rer)
lo™}>p

Residues from poles in the region -~ 7 + ¢ < arg 0 < — 1/2 & enter also
into the remainder term, if there are such poles, since their residues
vanish exponentially as t - w, For r real, instead of the sum which
appears in the second position, there should be only one term. The neces-
sary estimate (4.3) for 3z(t) is now obtained without any difficulty from

t
o0=\gt—wR @,  go=0@rtre
0

and from the fact that o (™ vanishes exponentially as n increases, and
also from the estimate of the residues an(z) and b(z).
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Note. If we were to make the same simplifications as in [5,6 1, which
were mentioned at the beginning, i.e. if we were to neglect the next to
last term in Formula (1.2), the results would not be changed except that

W,, (o) = ]/ ﬁ; K, (.})

would enter everywhere in place of "Bl -

The density stratification introduces two dimensionless parameters,
which correspond to the inertial and Archimedian effects of this strati-
fication. The indicated simplification is the neglect of the inertial
effect.

6. Appendiz 2. We shall prove that the Laplace transform of the hyper-
geometric function

1P Py B L Yy —B—rid— B —al) (Re (d — B) > 0)
is
T(d—B) aB°Wdﬂﬁ’12aW;3,r {c/a), (targa| <=, |arge/al<m)

For the demonstration we shall use the Barnes-Mellin integral [8,p.71]
I@—p) «

Pfe—B—r)I'(}2—B+r)
i

1 I'(Ye—B—r4s)T (Yp—~B—r+s)I'(—3)
X 3 % F(d—B -+ s)

F) =8B (Bt Yy — B —rid— By —al) =

(at)Std—1Bgs

—io

The integration path is such that the poles of the function
T(¢p—B—r+s XP(}s—B+r-+s), i.e. the points s=B—1Yotr—n
(n=0,1,2,...),1ie to the left of the path, and the poles of I'(~s), i.e.
the points s =0, 1, 2, ..., lie to the right of the integration path.
We shall apply the Laplace transformation to both sides of this equality

/(o) = S o (1) dt =

¢

, _i“__ ico Pjp—B—r+8)PQa—3+r+s)T(—s) oS g—S—d+B ds
=T({d—B)5 ﬂ T (e—B—r)T (Lz—B+7) ¢

~:ioo
We shall make the variable substitution s=—s

ion

ped 1 S IF(p—B—r—s)F(Ya—B+r—s)T(s)

fE@=TE-—Be 5 FG—B—nl -t (/%

—ico

There remains only to recall the Barnes-Mellin formula for the
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Whittaker function [8, p. 148 ]

e (ofa)® T (Yo—B—r—5)T(a—B+r—35)T(s)
Wﬁ,r(cla)z 2ni S P(‘/z—ﬂ—’)r(l/z_‘ﬁ";"')

(o /a)ds
—100

which proves our assertion.
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